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1. Introduction
Laura Kokot, one of the authors, Mathematics 
and Computer Science teacher in the High school 
of Mate Blažine Labin, Croatia came to Nagasaki, 
Japan in October 2014, for the teacher training 
program at the Nagasaki University as a MEXT 
(Ministry of education, culture, sports, science 
and technology) scholar. Her training program 
was conducted at the Faculty of Education, 
Nagasaki University in the field of Mathematics 
Education under Professor Hiraoka Kenji.
For every teacher it is important that pupils 
in his class understand and learn the material as 
easily as possible and he will try to find the best 
pedagogical approaches in his teaching. It is not 
always easy to motivate pupils and to get them 
interested in the materials, especially when teach-
ing Mathematics.Unfortunately, in Croatia when 
teaching Mathematics it is uncommon to use a 
paper as a teaching tool. Therefore, applying 
origami method in teaching and learning geom-
etry, as a new, creative method, can increase 
pupil’s motivation and their interest in the lec-
tures.
Origami, meaning paper folding, from oru 
meaning to fold, and kami meaning paper, refers 
to the traditional art of making various attractive 
and decorative figures using only one piece of 
square sheet of paper. This art is very popular, 
not only in Japan, but also in other countries all 
over the world and everyone knows about the 
paper crane which became the international 
symbol of peace. Origami as a form is continu-
ously evolving and nowadays a lot of other 
possibilities and benefits of origami are being 
recognized. For example in education and other.
The goal of this paper is to research and 
learn more about geometric constructions by 
using origami method and its properties as an 
alternative approach to learning and teaching 
high school geometry. Use of origami in learning 
Mathematics allows pupils much more visualiza-
tion and requires logical thinking and creativity. 
There are variety of origami geometric construc-
tions, however in this paper are shown two par-
ticulary appealing examples.
Trisecting an angle and Doubling the cube, 
two ancient Greek problems, are chosen because 
throughout the history many mathematicians 
tried to solve them, however in the end it was 
proven that they can not be solved using only a 
compass and an unmarked straightedge. These 
geometric constructions are interesting due to 
their simplicity and practical use in classroom. It 
is fascinating that these constructions can be 
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easily achieved using origami method therefore 
the procedure of both geometric constructions is 
included in this paper.
2. Trisecting An Angle
Trisecting angles by Euclidean methods is 
one of the unsolved problems of Greek antiquity. 
It is proven that angle trisection is impossible 
using only an unmarked straightedge and a 
compass, but we can trisect angles using paper 
folding (origami method).
2.1 Trisecting a right angle1)
The paper method of trisecting a right angle 
is possible by folding angles of 30° and 60°. In 
this trisection we will use the fact that any altitude 
divides an equilateral triangle into two right 
angled triangles with angles 30°, 60° and 90° and 
the hypotenuse of each such triangle is twice the 
lenght of its shortest leg.
Let us take a square piece of paper and mark 
the folding square as ABCD. We have a right 
angle θ such that θ = ∠CDA. Let us fold upper 
edge to lower edge (a book fold) and unfold it. 
See Fig. 1 a). Let us mark the middle point of the 
sides DA and BC as E and F respectively. Now 
we will fold the vertex C and place it onto the 
middle line EF such that crease passes through 
vertex D and mark that point as G. This crease 
intersects the side BC in the point H. See Fig. 1 b).
Now, let us see why is ∠GDE = 60° and 
∠CDG = 30°.
See Fig. 1 b). In the DEG we can see that 
∠DEG is a right angle and since DE is half of the 
side DA (because of the first fold) and GD = CD, 
the hypotenuse GD is twice the lenght of the side 
DE. Therefore, ∠GDE = 60° and ∠CDG = ∠CDE – 
∠GDE = 90° – 60° = 30°.
2.2 Trisecting an acute angle1)
This paper method of trisecting an acute 
angle was developed by Hisashi Abe.
Let us take a square piece of paper and mark 
the folding square as ABCD. Then we will trans-
fer the acute angle θ such that θ = ∠EAB, where 
E is a point on the side BC or on the side CD 
different from B and different from D. Look at 
the Fig. 2 a).
We will make two creases FF  and GG  paral-
lel to side AB, such that the points F and G lie 
on the side DA (F ≠ A), the point G is a midpoint 
of FA and the points F  and G lie on the side BC 
(Fig. 2 b)).
Now let us fold the square such that the point 
F comes onto point F ′ on the AE and the point 
A comes onto point A′ on the GG  (Fig. 3 a)). The 
Fig. 1
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point G is simultaneously folded onto point G′ 
and the lines AA′ and AG′ arerisectors of θ. See 
Fig. 3 b). Let us see why.
We know that the gained crease cannot be 
parallel to AB since F ′ would then lie on AD and 
that contradicts our assumption that E is a point 
on the side CD different from D. Similary, the 
crease cannot be parallel to AD since A′ would 
then lie on AB and that would mean AB = GG , 
therefore AB = FF  which contradicts F ≠ A.
Let us mark the point of intersection of the 
crease with the side DA as I and the point of 
intersection of the crease with the side AB as H. 
See Fig. 4. If we mark the point of intersection 
of the crease with GG  as J, we see that J is the 
orthocenter of AA′I, since GA′ lies on the same 
line with GG  wich is orthogonal to IA and AA′ is 
orthogonal to the crease IH because of the defi-
nition of the fold. We also know that GA′ folds to 
G′A so AG′ is a third altitude and passes through J.
We have to prove that θ = 3α.
Since IA = A′I therefore, AA′I is a isosce-
les triangle and ∠HIA = ∠A′IH. If we mark angle 
∠HIA and ∠A′IH with α we have ∠G′AB = ∠A′IA = 
2α (because we know that AG′ is orthogonal to 
A′I and AB to IA.
Fig. 2
a) b)
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Let us denote the foot of A′ on AB as A . 
There are two triangles AAA′  and AA′G′. 
Since ∠AAA′  = ∠A′G′A = 90°, A′A is a common 
side and AA′  = A′G′ (equal to the lenght of GA), 
AAA′  and AA′G′ are congruent triangles.
Therefore, ∠G′AA′ = ∠ ′A AA  = α.
We can also look at two triangles AG′F ′ 
and AA′G′. They are also congruent triangles 
because both of them are right angled triangles 
with a common side AG′ and G′F ′ = A′G′ (G is 
a midpoint of FA, so G′F ′ = FG = GA = A′G′). 
Therefore, ∠F ′AG′ = ∠G′AA′ = α. So we have 
∠F ′AG′ = ∠G′AA′ = ∠ ′A AA  = α and the lines 
AA′ and AG′ are trisectors of θ.
2.3 Trisecting an obtuse angle1,3)
This paper method of trisecting an obtuse 
angle was developed by Jacques Justin.
Let us take a square piece of paper and mark 
the folding square as ABCD. Then we will trans-
fer the obtuse angle θ such that θ = ∠YOX. Look 
at the Fig. 5 a).
First we have to extend the lines XO and YO. 
Let us mark the point of intersection of the line 
XO with the side DA as X′ and the the point of 
intersection of the line YO with the side AB as 
Y′. See Fig. 5 b).
Now let us determine and mark the points 
E and E′ on the lines YO and Y′O respectively at 
equal distances from point O (E is symmetric to 
E′ with respect to O). We will fold the line XO 
onto the line X′O through the point O and we will 
get the line perpendicular to the line XO through 
the point O and let us mark the intersection of 
that line with the side AB as F. See Fig. 6 a).
Let us make a first fold such that the points 
Fig. 5
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E and E′ lie on the lines X′O and FO respectively 
and unfold it. Mark this obtained points as G and 
G′. See Fig. 6 b). The final step of this trisection 
is to fold a line perpendicular to the first crease 
through point O and this crease trisects the 
original angle θ (Fig. 7 a)). Let us see the proof.
Look at the Fig. 7 b). The point O′ lies on 
the last crease and since the line segments EG 
and O′O are both perpendicular to the first 
crease, O′OEG is a trapezium. We know that the 
line segments GO′and OE have the equal lenght, 
therefore O′OEG is a isosceles trapezium.
Let us mark the angle ∠COX as α.
If we look at the Fig. 7 b) we can see that in 
this case the vertex C lies on the last crease, but 
if we want to trisect an obtuse angle of some other 
size, it doesn’t have to be the case. We know that 
α = ∠COX = ∠O′OG (vertical angles) and ∠GO′O = 
∠O′OE (isosceles trapezium).
∠ ′ = ° − ∠ = ° − − = ° − +GO O YOC180 180 180( )θ α θ α
∠ ′ = ° − ∠ = ° − − = ° − +GO O YOC180 180 180( )θ α θ α
All the line segments OE, OE′, GO′ and O′G′ 
have the equal lenght and let us mark this lenght 
as a. We know that GG′O is a right angled 
triangle so its circumcenter is the midpoint of its 
hypotenuse, the point O′. Therefore, O′O = GO′ = 
O′G′ = a and GO′O is a isosceles triangle. Also, 
we know now that ∠OGO′ = ∠O′OG = α.
Now let us look at the angles in the GO′O.
∠ ′ + ∠ ′ + ∠ ′ = °GO O O OG OGO 180
180 180° − + + + = °θ α α α  ⇒ θ α= ⋅3
So we proved that the line OC trisects the 
angle θ.
3. DOUBLING THE CUBE1,4,5)
Doubling the cube, also called the Delian 
problem is one of the problems of Greek antiquity 
which requires, given the length of an edge of a 
cube, a construction of a second cube that will 
have double the volume of the first. Legend says 
that the Athenians, in order to rid themselves of 
the plague, consulted the Oracle at Delos. The 
Oracle advised them to double the size of the 
cubic altar to the god Apollo.
This construction can not be solved by 
Euclidean methods (unmarked straightedge and 
a compass), but we can solve it using paper 
folding (origami method) proposed by Peter 
Messer.
Let us take a square piece of paper and mark 
the folding square as ABCD. Now let us fold the 
square into three equal parts, such that DE = EG = 
GA = BH = HF = FC. See Fig. 9 a).
We can divide the sides of the square DA 
Fig. 7
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and BC in three equal parts using Haga’s First 
Theorem Fold.
3.1 Haga?s First Theorem2)
By the simple folding procedure of placing 
the lower right vertex of a square onto a midpoint 
of the upper side, each edge of the square is 
divided in a fixed ratio as follows (See Fig. 8).
a) The right edge is divided by the point E 
in the ratio 3 : 5
b) The left edge is divided by the point F in 
the ratio 2 : 1
c) The left edge is divided by the point H in 
the ratio 7 : 1
d) The lower edge is divided by the point F 
in the ratio 1 : 5
After we divided the paper into equal thirds 
let us fold the paper such that the vertex A comes 
to lie on the side BC on the point A  and G comes 
to lie on the point G on the line segment EF. See 
Fig. 9 b). The lenght of AC  is 23  times the lenght 
of BA. Let us see why.
If we mark the lenght of AC  and BA as x 
and y respectively, the lenght of the side of the 
square ABCD is x + y. Let us mark the point of 
intersection of the crease with the side AB as I 
and the lenght of IB as z. See Fig. 10.
Since AI = AI  and IB = z, we have AI  = x + 
y – z.
Now we will apply Pythagorean theorem on 
the right angled triangle IBA .
IB BA AI2 2 2+ =
z y x y z2 2 2+ = + −( )  ⇒
x xy z x y2 2 2 0+ − + =( )  ⇒ z
x xy
x y
=
+
+
2 2
2( )
Fig. 8
Fig. 9
a) b)
Fig. 10
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Since ∠IBA  = ∠AFG  = 90° and ∠BAI  and 
∠FGA are congruent angles (acute angles with 
perpendicular sides), ∠AIB  and ∠GAF  are con-
gruent angles also. Therefore, IBA  and AFG  
are similar and the sides are proportional.
We know that GA x y= +( )1
3
 and AF x x y
x y
= − +( ) = −1
3
2
3
AF x x y
x y
= − +( ) = −1
3
2
3
, therefore we have
GA
AF
AI
IB
=  ⇒
x y
x y
x y
x xy
x y
x xy
x y
+
−
=
+ −
+
+
+
+
3
2
3
2
2
2
2
2
2
( )
( )
 ⇒
x x y x y xy x x y xy x y xy y3 2 2 2 3 2 2 2 2 32 2 2 4 4 2 2+ + + = + + − − −
 x x y x y xy x x y xy x y xy y3 2 2 2 3 2 2 2 2 32 2 2 4 4 2 2+ + + = + + − − −
⇒ x y3 32=
⇒ x y= ⋅23
We proved that the lenght of AC  is 23  times 
the lenght of BA.
4. Conclusion
As previously stated in the Introduction, 
when teaching high school geometry in Croatia, 
using the paper as a teaching tool is uncommon 
and the pupils are familiar mainly with the use of 
a compass and a straightedge, and not with the 
paper and paper folding. While using paper fold-
ing, Mathematics lectures can be more appealing 
to the pupils and therefore more motivating for 
them to learn Mathematics.
Trisecting an angle and Doubling the cube 
using origami method are two geometric con-
struction that can easily be done in the classroom 
while teaching geometry. In this way, the pupils 
can also practise their visualization skills and 
motor skills. In addition to that, they will be more 
independent in their work, using math terms they 
already know (similar triangles, symmetry, prop-
erties of angles and other).
The information given in this paper is merely 
a fragment of this wide and varied topic (Origami 
in Mathematics) and there are numerous exam-
ples of using paper folding in Mathematics which 
are not mentioned in this paper. For example, 
trisecting a line segment or construction of a 
maximum equilateral triangle using a square 
piece of paper and other, which can be useful in 
teaching geometry.
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